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ABSTRACT
This paper proposes a new power flow method for radial
and meshed distribution systems. The method convert a
meshed distribution system with distributed generators into
an equivalent single source radial distribution system, by
breaking out the tie lines and distributed generators con-
nections, and by abstracting auxiliary buses to the distri-
bution network. The approach goes beyond the previous
works by formulating a power flow algorithm considering
the combined modeling of the distributed generators, volt-
age dependency of static loads, line charging capacitances,
shunt capacitors and the step voltage regulator. In addi-
tion, the representation of the automatic voltage regulation
at the buses where the distributed generators are connected,
as well as the manual and automatic operational modes of
the step voltage regulator, are also contemplated in the for-
mulation. The proposed approach has been tested using
several distribution networks providing good performance
and promising results. Some of these results are presented
on case studies for a 27-bus distribution network, in order
to illustrate the applicability of the developed approach, as
well as foster discussions about future works.
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1. Introduction

Power flow analysis provides a steady state condition of
a power system and is one of the main tools for modern
power systems planning, operation, controlling and design-
ing. Because of its importance, several efficient methods
have been developed for the calculation of the power flow
in high voltage transmission systems. These methods, how-
ever, do not preserve their efficiency and convergence pro-
prieties when applied to power distribution systems, due to
the particular topological structure and the low x/r ratios of
the distribution networks. As consequence, many research
efforts have been recently performed to develop power flow
methods suited to radial distribution system applications,
most of them based on Cespedes' [1] classical approach.

Concomitant to these research efforts, power distribu-
tion delivery paradigm have changed considerably. Elec-
tricity market deregulation demanded utilities to adopt
meshed configurations in order to improve service qual-
ity and reliability. By aiming to improve voltage profiles
and customer's satisfaction, studies about optimal capacitor
placement [2] and optimal step voltage regulator placement
have become primary concern for the utilities. There is also
an increase of distributed generation resources connected to
the power distribution grid, reducing the load peaks, losses
and postponing investments. The interconnection of the
distributed generators also provides local automatic voltage
regulation as well as the reverse power flow in the distribu-
tion feeders.

In this new scenario of electricity market restructur-
ing, some researches worked on the formulation and calcu-
lation of the power flow for meshed distribution networks.
In [3], D. Shirmohammadi et al. firstly approached the
problem by formulating a compensation-based power flow 
method for weakly meshed distribution and transmission
networks. This pioneer work was considerably improved
by G. X. Luo and A. Semlyem, in [4], with the introduction
of the concept of the Load Break Points (LBPs), assigning
the opening of the loops by abstracting ficticious/auxiliary
buses to the networks. M. Haque also presented good con-
tributions on this area by formulating power flow algo-
rithms including the representation of the line charging ca-
pacitance effect [5] and the networks with multiple feeding
sources [6].

This paper approaches the power flow for radial and
meshed distribution systems, going beyond the previous
works by considering the combined modeling of the dis-
tributed generators, voltage dependency of static loads, line
charging capacitances, shunt capacitors and the step volt-
age regulator. Furthermore, the formulation also comprises
the representation of the automatic voltage regulation at
the buses where the distributed generators are connected,
as well as the manual and automatic operational modes of
the step voltage regulator.

The document is divided into five sections. Section 2
and 3 present, respectively, the distribution systems model-
ing as well as the conversion of a meshed distribution sys-
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tem with distributed generators into an equivalent single
source radial distribution system. In section 4, the devel-
oped new power flow method for radial and meshed dis-
tribution systems is formulated. Section 5 illustrates the
application of proposed algorithm in case studies for a 27-
bus distribution network. Finally, in section 6, conclusions
and discussions are outlined by the authors.

2. System Modeling

This section approaches the representation of the line
charging capacitances, capacitors, static voltage dependent
loads, distributed generation and the step voltage regulator,
in distribution networks power flow applications.

2.1 Line Charging Capacitance

The primary mission of a power delivery system is to trans-
fer large blocks of power from the sources to points of con-
sumption. The blocks of power flow across the line seg-
ments, transformers, as well as the control and protection
devices (switches, relays, breakers, etc.). These compo-
nents can be represented by π equivalent models, de�ned
by a series admittance yik and a line charging admittance
ysh

ik , as shown in Figure 1. In the schematic, the complex
voltages are denoted by En = Vn∠θn, ∀n = 1, ..., Nbuses.

q q
Ei Ekyik

ysh
ik ysh

ik

-Iik Iki¾

Figure 1. A distribution line equivalent model.

Although it is a common practice to ignore from mod-
eling the line charging capacitance effect in distribution
system analysis, this effect may not be neglected, mainly
for underground distribution systems applications.

2.2 Capacitor

Capacitors are constant admittance components and they
are usually installed in shunt configuration to provide reac-
tive power compensation, power factor correction, improve
voltage profiles, reduce losses and increase system capac-
ity of the distribution networks. Normally rated at 50, 100,
150, 200, 300, and 400 kVAR, the corresponding reactive
power supplied by these components are computed as fol-
lows.

Qpu
Ck

= yCk
V 2

k (1)

where, Qpu
Ck

denotes the per unit reactive power supplied by
the capacitor at bus k, yCk

represents the per unit constant

admittance modeling the capacitor at bus k, and Vk is the
per unit voltage magnitude at bus k.

2.3 Voltage Dependency of Static Loads

Static load models attempt to represent the aggregation of
component devices in active and reactive demand func-
tions of the systems voltage and frequency. In power flow
studies, frequency deviations are not taken into account
and load models for active and reactive power demand are
usually expressed in the composed polynomial/exponential
form

PLk
= P 0

Lk

(
αPk

+ βPk
Vk + γPk

V 2
k + εPk

V
ηPk

k

)
(2)

QLk
= Q0

Lk

(
αQk

+ βQk
Vk + γQk

V 2
k + εQk

V
ηQk

k

)
(3)

where
αPk

+ βPk
+ γPk

+ εPk
= 1 (4)

αQk
+ βQk

+ γQk
+ εQk

= 1 (5)

In equations above, P 0
Lk

and Q0
Lk

represent the active and
reactive powers at nominal voltage at bus k, and Vk is the
the per unit voltage magnitude at bus k . The coefficients
αPk

, βPk
, γPk

, εPk
, αQk

, βQk
, γQk

, εQk
and the exponents

ηPk
and ηQk

, are estimated values and depend on the load
composition.

We bring out that the line charging capacitance effect
as well as the installation of a capacitor bank can also be
aggregated at a load model. In fact, by denoting ysh

k the
equivalent effect of the line charging capacitances at a bus
k, and Λk the set of immediate downstream buses of bus
k, the static active P c

Lk
and reactive Qc

Lk
demand functions

can now be given by

P c
Lk

= PLk
(6)

Qc
Lk

= Q0
Lk

(
αQk

+ βQk
Vk + γc

Qk
V 2

k + εQk
V

ηQk

k

)
(7)

where
γc

Qk
= γQk

+ ysh
k + yCk

(8)

ysh
k = ysh

ik +
∑

n∈Λk

ysh
kn (9)

2.4 Distributed Generation

Distributed generation provide an important vehicle for
promoting liberalization of the energy markets. By using
distributed generation resources (wind turbines, fuel cells,
photovoltaics, biomass, etc.), new producers generate elec-
tricity for their own needs and send the surplus to the power
grid, decentralizing the production and forcing an inverse
power flow across the distribution networks.

There are four basic operational modes for these gen-
erators, depending upon the contract and the control de-
vices installed: a local generator supplying a large demand
at a fixed active and reactive power; generator supplying
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the power grid at a specified power factor; a generator sup-
plying the power grid at a specified terminal voltage; a
combination of the previous cited operational modes.

2.5 Step Voltage Regulator

Step voltage regulators are auto-transformers with manual
or automatic tap changer on their windings, installed to
boost or buck the voltages along primary feeders. In the
manual mode, the tap position l can be manually changed
on the regulator's control board to increase or decrease
output voltage. Since the tap position is specified, a π
equivalent model can be used to represent these compo-
nents, as shown in Figure 2.

q q
Ep Eslyps

l (l − 1) yps (l − 1) yps

-
Ips Isp¾

Figure 2. Step voltage regulator π equivalent model.

In the automatic mode, the regulator control mech-
anism adjust the tap position to assure that the voltage
being monitored is within certain range. The proposed
approach uses an alternative step voltage regulator model
to represent this operational mode, shown in Figure 3.

q
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Figure 3. Step voltage regulator model with a tap indepen-
dent series admittance.

This model is conveniently composed by two current
sources and a tap independent series admittance. The cur-
rent injections at the primary side Ip and at the secondary
Is are given by

Ip =
(
l2 − 1

)
ypsEp − (l − 1) ypsEs (10)

Is = (1− l) ypsEp (11)

3.   Meshed Configuration and Multiple Feed-
ing Sources Modeling

The process to convert a distribution network with meshed
configuration and multiple feeding sources into an equiv-
alent single source radial system, aiming to preserve

robustness of distribution systems recursive equations,
was approached by M. Haque in [5, 6]. This technique is
illustrated in Figure 4(a)-(b) and summarized as follows.
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(a) (b)
Figure 4. Conversion of a meshed network with distributed

generation to a single source radial network.

Initially, the tie lines w− t are eliminated abstracting auxil-
iary buses t′, where the injected power at buses t and t′ are
equal, of opposite signs, and calculated through the power
flow iteration processes. Similarly, given a distributed gen-
eration connected at a bus h, an auxiliary bus h′ with equal
voltage is abstracted, disconnecting the distributed genera-
tion from the system. The active power generation at the
bus h is assured and the reactive power generation depends
on the specified terminal voltage. If the generation contract
do not require automatic voltage regulation, the distributed
generator can be modeled by a constant load, and the auxil-
iary bus h′ is no longer necessary. These break points t− t′

and h − h′ are named the Load Break Points (LBPs) and
Generator Break Points (GBPs), respectively.

4. Power Flow Formulation

Since the distribution system with tie lines and distributed
generations is transformed into a single source radial dis-
tribution system, the power flow problem can be partially
described by a set of recursive equations. These equations
can be solved through backward–forward iterative proce-
dures, followed by the update of the power injections at the
LBPs and GBPs, as well as the update of the tap position at
the step voltage regulator.

Ei Ekrk + jxk

LoadyC ysh
k

?
P c

Lk
+ jQc

Lk

6

±°
²¯

G ª Loop

PIk + jQIk

-

∑
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(Pkn + jQkn)

Figure 5. Distribution line segment schematic.
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4.1 Power Flow Equations

Consider the schematic of the line segment i− k shown in
Figure 5, where the line series impedance and the accumu-
lated injected power at bus k are denoted by rk + jxk and
Sk = Pk + jQk, respectively. By assuming the load mod-
eling described at Section 2.3, the accumulated injected
power at bus k can be written as functions of downstream
power losses, power loads

(
P c

Lk
, Qc

Lk

)
, and power injec-

tions (PIk
, QIk

). Separating this accumulated power at bus
k in its real and imaginary terms, we have

Pk = P c
Lk
− PIk

+
∑

n∈Λk

[
Pn + rn

(
P 2

n + Q2
n

V 2
n

)]
(12)

Qk = Qc
Lk
−QIk

+
∑

n∈Λk

[
Qn + xn

(
P 2

n + Q2
n

V 2
n

)]
(13)

Once the accumulated powers at bus k are known, the volt-
age magnitude and angle can be calculated by solving

V 4
k + AkV 2

k + Bk = 0 (14)

θk = θi + tan−1

(
Pkxk −Qkrk

Pkrk + Qkxk − V 2
i

)
(15)

where

Ak = 2 (Pkrk + Qkxk)− V 2
i (16)

Bk =
(
P 2

k + Q2
k

) (
r2
k + x2

k

)
(17)

4.2 Injected Power Update

The power injected at the break points can be straight-
forwardly obtained through operations in a reduced or-
der impedance matrix, representing the sensitivities among
buses associated to the break points. Consider the follow
sets of buses [6].

• Set a: Composed by the original buses h at the GBPs;

• Set b: Composed by the original buses t at the LBPs;

• Set c: Composed by the auxiliary buses t′ at the LBPs;

• Set d: Composed by the rest of the system buses re-
gardless the swing bus.

By choosing the bus ordering above, and by representing
the loads as constant shunt admittances at nominal voltage,
the node equation of the system can be written as I = YV.
Since the currents injected at the buses in the Set d are zero,
these buses can be eliminated by Kron's reduction to obtain
the impedance matrix below.




Va

Vb

Vc


 =




Zaa Zab Zac

Zba Zbb Zbc

Zca Zcb Zcc







Ia
Ib
Ic


 (18)

Once bus voltage magnitudes are close to 1 pu and voltage
angles for distribution systems are very small, by using the

angle mismatches ∆δ at the LBPs, as well as the voltage
mismatches ∆V at the GBPs and LBPs, the incremental
power injections required at the break points can be calcu-
lated by the system equation shown below1.

GBPs + LBPs
LBPs

[
∆Q
∆P

]
=

[
J11 J12

J21 J22

]−1 [
∆V
∆δ

]

where,

J11 = =
[

Zaa Zab − Zac

Zba − Zca Zbb + Zcc − Zbc − Zcb

]

J12 = <
[

Zab − Zac

Zbb + Zcc − Zbc − Zcb

]

J21 = < [
Zca − Zba Zbc + Zcb − Zbb − Zcc

]

J22 = = [
Zbb + Zcc − Zbc − Zcb

]

Therefore, an update rule can be used to update the injec-
tions at the break points until the mismatches become zero.
In equation below, α and β are acceleration factors, used to
speed up the algorithm.

Qiter+1
I = Qiter

I + α∆Q (19)

P iter+1
I = P iter

I + β∆P (20)

4.3 Automatic Step Voltage Regulator Update

In the case of the step voltage regulator is operating at the
manual mode, this equipment can be easily represented as a
line segment in the power flow algorithm, where the series
and shunt admittances are dependent of the tap position,
and are calculated before the iterative procedures.

In the automatic mode, we can conveniently choose
the step voltage regulator model presented in Figure 3, to
avoid the recalculation of the reduced order impedance ma-
trix in the power flow procedures. Furthermore, it must
be assured that the monitored voltage ranges a specified
voltage VSVR, depending of a set of discrete tap positions
L = {li,∀i = 1, ..., Ntaps}. This result can be obtained by
the utilization of the following update rule.

liter+1 = liter − γ
(
V iter

s − V ref
s

)
(21)

where γ is a discount factor and

V ref
s = V iter

p

(
argl min

{
literV iter

p − VSVR
})

(22)

4.4 Proposed Algorithm

The algorithm proposed as the new power flow method for
radial and meshed distribution system is presented in Fig-
ure 6. It is needed to emphasize that if the limits of the reac-
tive power generation in a distributed generator is achieved,
the distribute generator can be modeled by a load bus, set-
ting the reactive generation on its limit. Similar procedures
can be performed to handle the physical limitations of the
step voltage regulator.

1A complete deduction and discussions about these equations can be
found in [6].
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Read system data and obtain the radial equivalent net-
work using the approach described in section 3;
Initiate bus voltages assuming a flat  start or using an ap-
proximated solution;
Set the initial power injection (PI , QI) at the break
points equal to zero;
while

∣∣viter
i − viter−1

i

∣∣ < tolerance, ∀i do
for all i, following the backward direction do

Calculate the accumulated active and reactive pow-
ers at the network buses using (12) and (13), respec-
tively;

end for
for all i, following the forward direction do

Obtain bus voltage magnitudes starting from the
first  bus using (14)–(17);

end for
Update the required power injections at the break
points using (19) and (20);
Update the tap position in the step voltage regulator
using (21);

end while
Print result reports.

Figure 6. Proposed power flow algorithm.

5. Numerical Results

The proposed approach was implemented in a MATLAB
scientific computing environment and tested with distribu-
tion networks obtained at literature and with Brazilian dis-
tribution networks. It' s presented in this section, numeri-
cal power flow solutions for a 27-bus distribution network
obtained in [7], on the several case studies described be-
low. For all simulations, it was considered a tolerance of
0.000001, α = 1, β = 1, γ = 0.00001, and voltage at
the substation bus equal to 11kV. A summary of the equip-
ments used on the case studies are indicated in Figure 7.

Case I: The original radial distribution network without
any tie lines, distributed generators, line charging ca-
pacitance effect, capacitors or step voltage regulator;

Case II: The line charging capacitance effect is repre-
sented on the original radial distribution network.
Similar to the approach developed in [6], it was con-
sidered that the shunt admittance of a branch with
impedance r + jx is 2.10−4

(
r2 + x2

)0.5;

Case III: Modeling the line charging capacitance effect, a
tie line between buses 14 and 25 is added to the origi-
nal network, with a 2 + j2 Ω impedance;

Case IV: Similar to the previous case, but including a step
voltage regulator (SVR) at the bus 3, with internal

3'


4
 5


6
 7
 8
 9


15
 16


17


18


19


20


21


22


23


24


25


26


27

~


~


1


0
 2


3


S

V

R


SUB


10


11


12


13


14
 Tie Line


DG


DG


Cap.


Figure 7. Case studies schematic for a 27-bus network.

impedance of 1.851+ j1.268 Ω, and with output volt-
age adjusted to range near 1 pu;

Case V: Similar to the case III, but including distributed
generators (DGs) at buses 20 and 27, with bus voltages
specified at 0.9800 pu and 0.9700 pu, and generation
assumed to be 200kW and 300kW, respectively;

Case VI: Similar to the case IV, but including distributed
generators at buses 20 and 27, with bus voltages spec-
ified at 1.0150 pu and 1.0060 pu, and generation as-
sumed to be 200kW and 300kW, respectively. It' s also
modeled a 50 kVAR capacitor bank at bus 9.

The power flow voltage magnitude solutions obtained
for the cases I and II are shown in Table 1. In addition,
active losses LP and reactive losses LQ, as well as simula-
tion runtime for all six cases are presented in Table 2. As
expected, the representation of the line charging capacitive
effect as well as the installation of a capacitor increase volt-
age pro�lesand reduced total active and reactive losses.

Table 1. Per unit voltage magnitudes for the cases I and II.

Bus Case I Case II Bus Case I Case II
1 0.9862 0.9863 14 0.9428 0.9432
2 0.9665 0.9667 15 0.9371 0.9375
3 0.9524 0.9527 16 0.9259 0.9264
4 0.9382 0.9386 17 0.9249 0.9254
5 0.9277 0.9282 18 0.9232 0.9237
6 0.9185 0.9191 19 0.9224 0.9229
7 0.9160 0.9166 20 0.9217 0.9223
8 0.9158 0.9164 21 0.9156 0.9162
9 0.9155 0.9161 22 0.9141 0.9147

10 0.9462 0.9465 23 0.9129 0.9135
11 0.9444 0.9448 24 0.9126 0.9133
12 0.9433 0.9437 25 0.9125 0.9131
13 0.9431 0.9434 26 0.9155 0.9161
- - - 27 0.9154 0.9160
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Table 2. Losses and simulation runtime for the case studies.

LP (kW) LQ (kVAR) Runtime (s)
Case I 57.565 46.042 0.0465
Case II 56.408 45.274 0.0462
Case III 51.454 41.197 0.0785
Case IV 46.577 40.716 0.0905
Case V 15.930 17.918 0.0826
Case VI 3.686 12.040 0.1321

In Table 3, the power flow voltage magnitude solu-
tions for the cases III–VI are presented. In these cases, the
LBP was assigned by the abstraction of the auxiliary bus
25'. In fact, the voltage magnitudes at buses 25 and 25'
are equal, demonstrating the correct operation of the de-
veloped method. Furthermore, the specified voltages at the
distributed generators were assured. The reactive power in-
jection obtained at the buses 20 and 27 were 48.5 and 58.6
kVAR, respectively for the case V, as well as 146.2 and 91.1
kVAR, respectively for the case VI. The specified voltages
at the GBP were chosen to have reasonable values of re-
active power injections. Finally, it was observed the taps
positions obtained for the cases IV and VI were 1.0500 and
1.0275, respectively.

Table 3. Per unit voltage magnitudes for the cases III–VI.

Bus Case III Case IV Case V Case VI
1 0.9864 0.9864 0.9926 0.9939
2 0.9669 0.9670 0.9824 0.9858
3 0.9530 0.9531 0.9752 0.9801
3' - 1.0008 - 1.0070
4 0.9423 0.9907 0.9715 1.0046
5 0.9347 0.9834 0.9695 1.0036
6 0.9290 0.9781 0.9671 1.0021
7 0.9266 0.9758 0.9683 1.0041
8 0.9264 0.9756 0.9681 1.0041
9 0.9261 0.9753 0.9678 1.0042

10 0.9423 0.9907 0.9682 1.0006
11 0.9387 0.9873 0.9661 0.9987
12 0.9361 0.9848 0.9647 0.9976
13 0.9351 0.9838 0.9643 0.9972
14 0.9340 0.9828 0.9638 0.9969
15 0.9412 0.9896 0.9704 1.0035
16 0.9329 0.9818 0.9704 1.0047
17 0.9319 0.9808 0.9710 1.0054
18 0.9303 0.9793 0.9723 1.0068
19 0.9294 0.9785 0.9740 1.0087
20 0.9288 0.9779 0.9800 1.0150
21 0.9286 0.9777 0.9650 0.9997
22 0.9289 0.9779 0.9639 0.9985
23 0.9291 0.9782 0.9631 0.9977
24 0.9296 0.9786 0.9631 0.9975
25 0.9300 0.9790 0.9630 0.9974
26 0.9261 0.9754 0.9694 1.0053
27 0.9260 0.9752 0.9700 1.0060
25' 0.9300 0.9790 0.9630 0.9974

6. Conclusion

This paper proposed a new power flow method for ra-
dial and meshed distribution systems modeling the dis-
tributed generators, voltage dependency of static loads, line
charging capacitances, capacitors and the step voltage reg-
ulator. The approach convert a distribution system with
meshed configuration and with distribution generators into
an equivalent single source radial system, by breaking out
the tie lines and distributed generator connections. The so-
lution algorithm performs iterative forward-backward pro-
cedures and updates of the power injected at load and gen-
erator break points, as well as updates the tap position at the
step voltage regulator. The proposed approach presented
good performance and promising results. Future works will
compare the developed algorithm with Newtonian based
methods adjusted for distribution systems applications.
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