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AN ADAPTIVE FEEDFORWARD CONTROL
METHOD FOR UNDER-ACTUATED BIPEDAL
WALKING ON THE COMPLIANT GROUND
Yang Wang,∗ Jiatao Ding,∗ and Xiaohui Xiao∗

hand, in virtue of high adaptability and acceptability in
human society, the potential application of humanoid robot
is universal, ranging from housework to disaster relief [9].
As the result, the rigid robot-ground contact model would
be not applicable for all road surface materials, especially
when the robot is carrying heavy equipment and marching at a quick pace [10], [11]. In this paper, the ground
is compliant and modelled as the spring-damper system,
furthermore, an adaptive feedforward control strategy is
proposed to stabilize the underactuated bipedal walking
on the compliant ground.
The compliant robot-ground contact model diﬀers from
the rigid in the following three aspects. In the perturbation
description aspect, because of the diﬃculty in detecting
the exact ground compliance by non-contact technology,
the exact eﬀect of the ground on the walking stability is
unpredictable before the robot actually stepping on it. In
the robot’s walking state aspect, because the motion of
the robot-ground contact point (CP) is coupled with the
ground deformation in global coordinates, the robot is essentially underactuated throughout a full walking cycle. In
the system characteristic aspect, the whole walking process
is continuous and the robot’s joints velocity cannot jump.
In the literature, the eﬀect of ground compliance on
the underactuated bipedal walking was ﬁrst explored in
the experiments with the robot RABBIT [12], [13]. In the
numerical experiment, when RABBIT was walking on the
compliant surface, the walking speed was lower than in
the rigid case [12]. Similarly, in the physical experiment,
when RABBIT was stepping on a level steel plate, it was
also slower than on the concrete ﬂoor signiﬁcantly [13]. In
these documents, these phenomena were all attributed to
the increased energy dissipation during compliant robotground impact [12], [13]. Recently, in the experiments
with MABEL, as the robot’s actual walking speed was
always faster than the predicted, a factor had to be used
to scale the theoretical impact model for matching the
simulation to the experimental results [14]. From the
above, the eﬀect of ground compliance on the robot’s
walking performance actually exists and the theoretical
rigid robot-ground contact model is inapplicable to realize
a stable and eﬃcient underactuated bipedal walking in real
environment.
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Motivated by the potential use of humanoid robot in real environment, an adaptive feedforward control strategy is developed to stabilize the underactuated bipedal walking on the compliant ground.
First, the robot-ground coupling dynamic system is modelled as a
rigid kinematical chain coupled with a spring-damper system. Then
by observing the human’s gait, we ﬁnd the walking speed has a direct eﬀect upon the walking stability. In consideration of the highly
complicated impact of real road surface on direct walking speed
control, through analysis on laws governing the robot’s walking
speed and the centre-of-mass (CM) motion, we establish a parameterized equivalent rod-ground coupling model based on the robot’s
actual state, and identify the mapping relation between its walking
speed and the CM forward moving distance of a full walking cycle
(xf) adaptively. Finally, the robot’s walking is stabilized through
a feedforward control over xf .

The availability and adaptability

of this method were validated through simulations: speciﬁc to one
initial gait and three compliant conditions with diﬀerent damping
parameters, the walking was stabilized and the rate of stable convergence improved; speciﬁc to three initial gaits and three compliant
conditions with stochastic varying damping parameters, the walking
was still stabilized and its performance also improved.
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1. Introduction
A three-link planar bipedal robot walking on a level ground
is studied in this paper. The walking process is characterized by the underactuation at the robot-ground interface
[1]. Because of the high manoeuvrability and low cost of
system resource, underactuated bipedal walking robot has
been studied prevalently [2], [3]. Some famous bipedal
robots, such as RABBIT [4], ATRIAS [5], ATLAS [6], MABEL [7], and AMBER [8], were published. On the other
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speed and further realized through a single-input-singleoutput (SISO) control of its CM motion.
This paper is organized as follows. First, the robotground coupling dynamic system is modelled as a rigid
planar kinematical chain in coupled with a spring-damper
system. Second, inspired by the human’s gait and based
on the robot’s walking state, a low dimensional parameterized equivalent model for identifying the mapping relation
between the robot’s CM trajectory and horizontal velocity
on the compliant ground is established and the desired gait
in the next cycles is ﬁgured out through a simple inverse
calculation upon it. Finally, to validate the availability
and the adaptability of this control strategy, various initial
gaits and ground damping parameters are considered in
the simulation experiments.

The control strategies for stabilizing the underactuated bipedal walking in complex ground environment could
be classiﬁed into two groups. The ﬁrst is focused on the
stable walking on uneven terrain [15]–[20]. In these studies,
the robot-ground contact was rigid and the disturbance of
the ground on the walking stability was describable [21].
However, as the two pre-conditions are inapplicable when
the ground is compliant, these control strategies are also
inapplicable to stabilize the walking on compliant ground.
The second group is based on the relationship between
the robot’s walking stability and its speed. Speciﬁcally
speaking, in [22], based on a set of preplanned gaits with
diﬀerent walking speeds, a switched control strategy was
developed for the robot prototype ERNIE to realize a stable walking on a treadmill with varying speed; in [23] and
[24], by applying the artiﬁcial neural network method, the
mapping relation between the robot prototype Runbot’s
walking speed and each joint state was identiﬁed, and then
the walking stability was improved by regulating the walking speed through the control of each joint motion; in [25],
by analysing the eﬀect of robot prototype Meta’s three parameters, the amount of ankle push-oﬀ, upper body pitch,
and step length, on the walking speed, the walking stability was also improved by the control of walking speed.
Although the stabilization through the control of robot’s
walking speed has been realized in some physical experiments, these methods have two drawbacks. The ﬁrst is
low level. As these control strategies are focused on the
relationship between the robot’s walking speed and the
single or multiple joints motions, when the bipedal robot’s
degrees of freedom is high, the small modelling or tracking
error of each joint should result in a dramatic deviation
of the robot’s walking performance from the desired. The
second is low adaptability. In spite of the independence
from the theoretical robot-ground contact model, these
methods are still based on the pre-sampled data which is
further determined by the conditions of modelling procedures, such as the experiment ground condition, the speciﬁc prototype robot’s mechanism, the preplanned gait,
and even the data sampling method. As a result, these
methods are essentially non-general for all underactuated
bipedal walking system. Based on the above, in this paper,
an adaptive feedforward control strategy which is focused
on the control of robot’s CM motion to regulate the walking speed and further stabilize the whole walking process
on compliant ground is proposed.
Speciﬁcally speaking, this adaptive feedforward control
strategy is developed in consideration of the following three
aspects: (1) for a robot with multiple degree-of-freedom,
the trajectory of the centre-of-mass (CM) is determined
by the trajectories of its joints, meanwhile, the horizontal
velocity of the CM is always positively related to the
robot’s walking speed; (2) when a man is walking on a
level ﬂoor, the speed will be increased when his body leans
forward and decreased when his body leans backward; (3)
for the cyclic walking, the whole process will be stabilized
if its walking speed can always converge to a desired value
which has been proved available for realizing at least one
cycle walking. With this method, the walking stabilization
control is equated into the regulation of robot’s walking

2. Model of Underactuated Bipedal Walking on
Compliant Ground
2.1 Rigid Robot Conﬁguration
The planar robot is composed of a hips (q3 ), two knees
(q2 , q4 ), two thighs (l2 , l3 ), two calves (l1 , l4 ), but no ankle.
The three joints (q2 , q3 , q4 ) are controllable. The structure
description and the deﬁnition of the generalized coordinates q = [q1 , q2 , q3 , q4 , xst , yst ] are indicated in Fig. 1(a).
In particular, the masses are distributed, and the position
angles of joints are computed counter-clockwise except q1.
2.2 Compliant Ground Equivalence
The compliant ground is constructed with a group of independent compliant structure, as shown in Fig. 1(b), where
the stiﬀness of the elastic spring is denoted by k and
the damping of viscous damper denoted by c. Each surface fragment is connected to the rigid ground foundation
through a pair of spring-damper units in horizontal and
vertical direction, respectively. Three constraints for the
compliant ground model are that [26]–[28]:
1. The surface fragment is rigid, zero-thickness, and massless. There is no energy consumption for the inertia of
ground surface during the full walking cycle.
2. The ground surface is extremely rough. The energy
consumption for the friction at robot-ground interface
is equated to a part of the viscous and elastic force
generated by the ground compliance.

Figure 1. Models of rigid robot and compliant ground
structure.
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Figure 2. Walking on compliant ground.
DSP; and (c) SSP.

(a) SSP; (b)

Figure 4. Schedule of walking cycle.

2.4 Coupling Dynamics Model During SSP
During a SSP, the stance leg is acting as a pivot, and the
robot-ground system is modelled as a rigid planar kinematic chain in one-point contact with a stiﬀness-damping
system, as shown in Fig. 2(a) and (c). By using the method
of Lagrange, the robot-ground coupling dynamical system
during a SSP is described with a standard second-order
equation of motion:

Figure 3. Switch between SSP and DSP.
3. The spring-damper unit is only deformed axially. The
properties of both units in a compliant structure are
identical.
4. The global coordinates are ﬁxed to the ground foundation. The initial vertical position of every surface
fragment is on the zero level.

M (q)q̈ + H(q, q̇) = B1 Fst (q, q̇) + B2 u

(1)

with
⎤
⎡
−cẋst − k(xst − xst0 )
⎦
Fst (q, q̇) = ⎣
−cẏst − kyst

2.3 Deﬁnition of a Full Walking Cycle
The deﬁnition of a full walking cycle under compliant
robot-ground assumption is described in Fig. 2 and follows
four constraints:
1. The walking cycle only takes place in the sagittal plane.
2. A full walking cycle consists of two non-transient successive phases, a single support phase (SSP) and a
double support phase (DSP) (“single” and “double” is
corresponding to the situation that only one leg and
both legs are standing on the ground, respectively).
3. During the SSP, the label of each leg is determined
by its actual role. Speciﬁcally speaking, during a
SSP, the leg standing on the ground is labelled with
“stance” and the other labelled with “swing”. While
during the DSP, the label of each leg is determined
by its role in the previous SSP. It means that, during
a DSP, the leg labelled with “swing” in the previous
SSP is still labelled with “swing”, and the leg labelled
with “stance” in the previous SSP still labelled with
“stance”.
4. The DSP starts when the swing leg strikes the ground
and terminates when the stance leg lifts apart from
the ground. The switch conditions between a SSP and
a DSP are shown in Fig. 3.
Based on the Poisson’s hypothesis, the contact between
a foot (“foot” indicates the point on the bottom of a calf)
and the ground beneath it is separated into a compression
phase followed by a restitution phase [29]. The relationship
between the robot-ground contact phases and the footground contact phases is described in Fig. 4.

⎡
0
⎢
B1 = ⎣
0
⎡

⎤

··· 1

0

··· 0

1

⎥
⎦
2×6

⎤

0 · · · 01×2
⎢
⎥
.. ⎥
⎢ ..
B2 = ⎢ . I3
. ⎥
⎣
⎦
0 · · · 02×2

6×6

where M (q) is the (6 × 6) positive-deﬁnite mass-inertia
matrix, H(q, q̇) is the (6 × 1) vector of Coriolis and gravity
terms, u is the (3 × 1) vector of input torques, xst0 is the
initial horizontal position of the stance foot when it strikes
the ground surface in the previous DSP, and Fst is the
reaction forces from the ground acting on the stance foot.
During this phase, q2 , q3 , and q4 are controlled with torques
u1 , u2 , and u3 , respectively, but q1 , xst and yst are underactuated. Thus, the whole robot is underactuated. The
state-space form for this second-order system is written as:
⎤
⎡ ⎤ ⎡
q̇
d ⎣q⎦ ⎣
⎦
=
ṡ =
−1
dt q̇
M (q)[−H(q, q̇) + B1 Fst (q, q̇) + B2 u]
= h(s) + fst (s) + b(s)u
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(2)

2.7 Simulation of Uncontrolled Walking on the
Compliant Ground

2.5 Coupling Dynamics Model During DSP
The DSP phase is non-transient. Compared with (1), another force from ground will work on the swing leg. And
then, the robot-ground system is modelled as a rigid planar kinematic chain in two-point contact with a stiﬀnessdamping system, as shown in Fig. 2(b). Still by using the
method of Lagrange, the robot-ground coupling dynamical
system during a DSP is also described with a second-order
equation of motion:

M (q)q̈+H(q, q̇) = B1 Fst (q, q̇)+Esw
Fsw (q, q̇)+B2 u

2.7.1 Gait Plan Under Rigid Contact Assumption
To initialize an underactuated bipedal walking on compliant ground, an asymptotically stable gait acting as the
initial robot’s state must be preplanned under the rigid
robot-ground contact assumption.
Following the design procedure based on Poincaré return map method applied in [30] and [31], in this paper, the
trajectories of the three actuated joints are also expressed
as the functions of the variable q1 (the underactuated joint,
shown in Fig. 1) and described with the three-degree Bézier
polynomials. With the initial and ﬁnal robot’s states,
denoted by [qi , q̇i ] and [qf , q̇f ] respectively, the trajectory
of each actuated joint, qa (the subscript “a” denotes the
actuated joint, a = 2, 3, and 4), is obtained. Set

(3)

⎤
⎡
−cẋsw − k(xsw − xsw0 )
⎦
Fsw (q, q̇) = ⎣
−cẏsw − kysw
where Esw is a (2 × 6) Jacobian matrix, xsw and ysw are
the horizontal and vertical positions of swing foot in global
coordinates, respectively, xsw0 is the initial horizontal
position of the swing foot when it strikes the ground
surface, and Fsw is the reaction force from the ground
acting on the swing foot. During this phase, as xst
and yst are both underactuated, the whole robot is still
underactuated. The state-space form for this second-order
system is written as:

qi = [q1i , q2i , q3i , q4i ]

⎢
=⎢
⎣

M

qf = [q̇1f , q̇2f , q̇3f , q̇4f ]

then
3

qa (q1 ) =

αk
k=0

3!
sk (1 − s)3−k
k!(3 − k)!

(6)

where
⎤

q

−1

q̇i = [q̇1i , q̇2i , q̇3i , q̇4i ]

qf = [q1f , q2f , q3f , q4f ]

⎡ ⎤
d ⎣q ⎦
s =
dt q
⎡



s=

⎥
⎥
⎦
(q)[−H(q, q)
 + B1 Fst (q, q)
 + B2 u + Esw (q)Fsw (q, q)]


q1 − q1i
q1f − q1i

The coeﬃcients of the Bézier polynomial are obtained
through:

= h(s) + fst (s) + b(s)u + fsw (s)

α0 = (qi )a

(4)

α0 = (qi )a +

q1f − q1i (q̇i )a
3
q̇1i

α2 = (qf )a −

q1f − q1i (q̇f )a
3
q̇1f

2.6 Overall Model
Combining these two models, the overall model for the
underactuated bipedal walking on the compliant ground is
expressed as:
⎧
⎪
⎨ṡ = h(s) + fst (s) + b(s)u

ysw > 0

⎪
⎩ṡ = h(s) + f (s) + b(s)u + f (s)
st
sw

ysw ≤ 0

α3 = (qf )a
2.7.2 Simulation of Uncontrolled Walking on Compliant Ground

(5)

The walking process on a compliant ground starts with a
SSP (at the very beginning, xst = 0, ẋst = 0, yst = 0, and
ẏst = 0) and the initial robot state is assigned with [qi , q̇i ] .
During a SSP, the desired trajectories of actuated
joints are expressed as (6) and generated online at the
beginning of this phase. In the ﬁrst cycle, the initial and
ﬁnal state for the desired trajectories generation is assigned
with [qi , q̇i ] and [qf , q̇f ] , respectively. After the ﬁrst cycle,
the initial state for the trajectories generation is updated
with the actual robot’s state at the end of the previous
DSP, but the ﬁnal state for the generation still assigned
with [qf , q̇f ] .

When the swing foot strikes the ground, the robotground coupling dynamical system is switched into the DSP
and described with the second equation of (5). When the
stance leg lifts from the ground, the roles of the both legs
are exchanged with each other, the robot-ground coupling
dynamical system is switched into the SSP and described
with the ﬁrst equation of (5), simultaneously. The ﬁnal
state of each phase is the initial state of the following
one.
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For analysing the eﬀect of ground compliance, the
actuated joints are non-friction and the torques applied on
the joints, u1 , u2 , and u3 , are all set to zero during the
DSP. Then, (5) is simpliﬁed into:
⎧
⎪
⎨ ṡ = h(s) + fst (s) + b(s)u

ysw > 0

⎪
⎩ṡ = h(s) + f (s) + f (s)
st
sw

ysw ≤ 0

(5 )
Figure 5. Schematic diagram of adaptive feedforward control strategy (DCM is the distance of robot’s CM moving
through a full walking cycle; walking speed := DCM /period
of a full walking cycle).

In the technical perspective, with this setting, the
over-stiﬀness problem when calculating the robot-ground
coupling motion during a DSP numerically is avoided
[13]–[27]. Furthermore, as the robot’s actual state during
this phase is only determined by its initial state at the
beginning of a DSP and the eﬀect of gravity and ground
compliance, this situation is the worst case for stabilization
control. As the result, if the controlled walking system can
be stabilized even under this situation, when these actuated
joint controllable, the controlled robot must walking stably
on compliant ground.

of a full walking cycle (xf , as shown in Fig. 5) is selected
as the controlled input.
Based on the above, a SISO control system, in which
xf is the controlled input and uf the controlled output, is
constructed. By identifying the mapping relation between
uf and xf under the eﬀect of the compliant ground and
ﬁguring out the robot’s gait corresponding to this ground
eﬀect, the control of robot’s walking speed is realized and
the whole walking process will be stabilized.
In this paper, to identify the mapping relation between
uf and xf under the eﬀect of ground compliance adaptively,
an equivalent rod-ground coupling dynamical model only
based on the robot actual state is established, and then, the
controlled input can be derived through a simple inverse
operation upon it. The schematic diagram of the adaptive
feedforward control strategy is described as Fig. 5. To
implement the control strategy on the real robot system,
the mapping relationship between the controlled xf , xf c ,
and the controlled ﬁnal robot conﬁguration of SSP, qf c ,
must be modelled, which is detailed in Appendix 1.

3. Adaptive Feedforward Control Strategy
It must be noted that to discriminate our work from
the study about walking on uneven terrain, the stiﬀness of
the compliant ground structure is set to large, for which the
ground deformation is so small that the eﬀect of unevenness
is limited.
3.1 Objective of Stabilization Control
As the underactuated bipedal walking system is a multivariable cyclic dynamical system, to realize a SISO control, the controlled input and output must be selected
elaborately.
In consideration of three perspectives: the cyclic dynamical system characteristic, physical experiment realization, and model simpliﬁcation, the robot’s CM horizontal
velocity at the end of a SSP (uf , as shown in Fig. 5) is
selected as the controlled output of the SISO system. First,
in the cyclic dynamical system characteristic perspective,
uf describes the total variation of the CM horizontal velocity through a full walking cycle. Second, in the physical
experiment realization perspective, the time for sensing
the value of uf can be detected easily just by identifying
the sharp increment of the pressure on the lower surface of
swing foot. Last but most important, in the model simpliﬁcation perspective, because of that, with selecting uf
as the controlled output, during a DSP and the following
SSP, the robot’s CM position can be described with the
coordinates relative to the CP between the ground and the
leg labelled with “swing” in the DSP, as shown in Fig. 2(b)
and (c), the high-dimension original system can be equated
into a SISO system.
Meanwhile, inspired by the characteristic of human’s
gait aforementioned (when the body leans forward, the
walking speed increases, and when the body leans back, the
walking speed decreases automatically), when the robot’s
step length is a constant, the CM forward moving distance

3.2 Model Equivalence
Corresponding to the both phases of a full walking cycle,
two sub-models are established separately. Furthermore,
considering the controlled output uf being the output of
the SISO control system, the two sub-models are constructed in the sequence, the impact submodel ﬁrst and
the swing following, as shown in Fig. 6. According to
it, two constraints must be satisﬁed for establishing the
equivalent rod-ground coupling dynamical model:
1. The initial rod’s CM horizontal velocity of the impact
submodel must be identical with the initial robot’s
CM horizontal velocity during the DSP; the ﬁnal rod’s
CM horizontal velocity of the swing submodel must be
identical with the ﬁnal robot’s CM horizontal velocity
during the following SSP.
2. The initial rod’s CM horizontal position relative to the
rod-ground CP of the impact submodel must be identical with the initial robot’s CM horizontal position
relative to the robot-ground CP during the DSP. The
ﬁnal rod’s CM horizontal position relative to the rodground CP of the swing submodel must be identical
with the ﬁnal robot’s CM horizontal position relative
to the robot-ground CP during the following SSP.
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surface with speed u. Meanwhile, the body rotates with
angular speed w. At the CP, there is a normal component
of relative velocity v̂ = v + xw and a tangential component
û = u − yw, where (x, y) is the position of the rod’s CM
relative to the CP. Suppose the CM of the rigid rod has
an initial velocity υ = (v0 , u0 ) and initial angular speed
w0 . Meanwhile, the initial position of the rod’s CM
relative to the CP is r = (xi , yi ). Hence there is an initial
contact velocity (v̂0 , û0 ) = (v0 + xi w0 , u0 − yi w0 ). Impulsemomentum relations for the rod motion yield:
⎧
⎪
⎪
v(t) − v0 = −pn /m
(7)
⎪
⎨
u(t) − u0 = −pτ /m
(8)
⎪
⎪
⎪
⎩w(t) − w = (x pn + y pτ )/ρ2 m
(9)
0

i

i

where t is the time variable, m is the total mass of
the robot, pτ and pn denote the tangential and normal reaction impulses acting at the CP, respectively, and
ρ(ρ := (x2i + yi2 )/3) is the gyration radius of the rod.
The ﬁnal state of the rod’s CM is deduced in two
steps. First, assume there is no eﬀect in normal direction.
The deceleration of the tangential contact velocity at CP
is given by:

Figure 6. Equivalent motion system. (a) Original model;
(b) impact sub-model; (c) swing sub-model; and (d) ﬁnal
state of overall model. (tra1: the real trajectory of
the robot’s CM; tra2: the designed trajectory of invert
pendulum.)

û = û0 − pτ /

3.2.1 Impact Submodel

ρ2 m
ρ2 + yi2 − xi yi pn /pτ

(10)

Let t1 denote the duration of impact phase and λ the
dissipation ratio of the tangential contact velocity through
this phase. As the decrement of the tangential contact
velocity is proportional to pτ , when û(t1 ) = (1 − λ)û0 and
pn = 0, with (9) and (10) yields:

Corresponding to the DSP, the equivalent impact submodel is established. During a DSP, the robot’s both legs
are standing on the ground and the force for supporting
robot’s CM motion is transferred from the stance leg to
the swing leg.
First, as the duration of DSP is short and the variation of robot conﬁguration very small, the rod-ground
impact is considered as a time-dependent process, where
only changes in momenta occur without changes in conﬁguration. As a result, in the equivalent impact submodel,
the rod is rigid and the eﬀect of compliant ground on the
rod is only the viscous force related to the ground damping
parameter. The rigid-rod-damped-ground model is shown
in Fig. 6(b).
Second, according to the switch condition shown in
Figs. 3 and 4, the DSP terminates when the stance leg lifts
apart from the ground surface. Correspondingly, in the
equivalent model, an indicator is also needed for measuring
the duration of a DSP. Thus, in this paper, by considering
the actual eﬀect of the ground compliance on the robot’s
CM motion during a DSP, a coeﬃcient used to measure
the decrement of the tangential contact velocity at the
rod-ground CP is introduced to work as the indicator.
Compared with the researches about the rigid body
non-collinear collision in literature [10] and [28], the ground
in this paper is compliant in both normal and tangential
direction. This situation has not been discussed further
before.
During the impact phase, the rod’s CM moves towards
the ground surface with speed v and tangential to the

pτ (t1 ) = λ

ρ2 m
û0
ρ2 + yi2

w̃(t1 ) = w0 + λyi

ρ2

1
û0
+ yi2

˜ 1 ) = v0 + w̃(t1 )xi
v̂(t

(11)

(12)
(13)

With the ﬁnal condition (11) and the theorem of impulse, t1 is calculated through solving an ordinary diﬀerential equation in the tangential direction:
τ

f
f˙τ = −c
m

pτ (t1 ) = −

t1

(14)

f τ dt

(15)

0

Then, t1 is given as:

t1 = ln 1 −

ρ2 mλ
c(ρ2 + yi2 )


(16)

By applying Tayler’s theorem, t1 is linearized as:
t1 =
68

ρ2 mλ
c(ρ2 + yi2 )

(17)

where LS is the designed step length, θi and θf denote
the initial and ﬁnal angles of a swing phase, respectively,
as shown in Fig. 6. Then, the actual variation of kinetic
energy through the swing phase is:

Second, examine the variation of v̂(t). If a normal walking cycle will be realized, w(t) must be non-negative during
˜ 1 ).
this phase. Thus, it must be tenable that v̂0 ≤ v̂(t1 ) ≤ v̂(t
With the initial value v0 and (13), by applying the mean
value theorem, the normal reaction impulse pn during the
impact phase is given approximately:

t1 
˜ 1)
pn ≈
cv̂0 + cv̂(t
2

ΔW = λ ΔWpend

(18)

3.2.3 Overall Equivalent System

Then, with (7), (9), (12), and (18), the ﬁnal vertical
velocity and angular speed is modiﬁed as:

First, to construct the overall equivalent model begins with
the impact model and end with the swing model, subject
to the conservation of kinetic energy, with (19)–(21), and
(23), the kinetic energy of the rod’ CM at the end of a full
cycle is calculated as:

⎧
ρ2 mλ
⎪
⎪
û0 /m
(19)
)
=
u
−
u(t
1
0
⎪
⎪
ρ2 + yi2
⎪
⎪
⎪
⎪
⎨

ρ2 mλ 
˜
v
(t1 )
v̂
/m
(20)
v(t1 ) = v0 − 2
+
0
2
⎪
ρ + yi2
⎪
⎪
⎪


⎪
⎪
⎪
w̃(t1 )xi
λxi
⎪
⎩w(t1 ) = w0 + 2λyi 2 û0 −
(21)
v̂
+
0
ρ +yi
ρ2 + yi2
2

Tf rod =

Corresponding to the SSP, the equivalent swing submodel
is established. During a SSP, the kinetic energy variation
of the robot’s CM is only related to the trajectory of itself
during the SSP. Accordingly, the rigid rod is modiﬁed as
a length-variable-inverted-pendulum. The design of the
inverted pendulum’s CM trajectory follows four aspects:
1. It is ineﬃcient to ﬁt the actual trajectory of the robot’s
CM during a full cycle in practice.
2. For periodic stable walking, the vertical positions of
robot’s CM at the beginning and the end of a full
walking cycle are on the same level, as shown in
Fig. 6(a).
3. In common sense, for a natural human-like gait, the
vertical component of the CM trajectory is very small
compared to the horizontal component.
4. Covering the three points above, and the tiny diﬀerence
in the vertical component of the CM trajectory has
little eﬀect on real total work applied on the pendulum.
Thus, for simplicity, a straight-line trajectory is designed as the inverted pendulum’s CM trajectory for the
swing submodel, as shown in Fig. 6(c). As the ground
deformation is limited by the large ground stiﬀness parameter, the compliant ground is simpliﬁed to be rigid. And
then, the total kinetic energy variation of the invert pendulum’s CM is equal to the work applied on the pendulum
axially which is further determined by the initial and ﬁnal position of the inverted pendulum’s CM. Furthermore,
to diminish the error of the total kinetic energy variation
between the robot CM and the invert pendulum model,
another coeﬃcient λ is introduced. The axial work applied
on the pendulum is deduced by:




θf

θf

f dr =
θi

θi

uf cal = Urod (λ, v, u, x, y, LS , m)

(24)

(25)

The full expression of Urod (λ, v, u, x, y, LS , m) is detailed in Appendix 2.
3.3 The Calculation of λ
With the sensed initial state (v0 , u0 , w0 , xi , yi ) and ﬁnal
horizontal velocity uf of robot’s CM during a walking
cycle, (24) with variable λ can be solved by a linearization
at the point λ = 0:



mg
yi
d
cos(θ) cos(θ)

mgLS (LS − 2xi )
=
2yi

m
[v(t1 )2 + u(t1 )2 + ρ2 w(t1 )2 ] + ΔW
2

Second, duo to the signiﬁcant diﬀerence in structure
between the original robot-ground model and the equivalent rod-ground model, the assignment of w0 and the
calculation of rod’s CM horizontal velocity at the end of
a swing phase, uf cal , must be further discussed. In the
impact model, as the robot is actual a multi-rigid-body
system and the rod is only a single rigid body, subject to
the constraints for the equivalent model establishment, the
value of w0 is actually unsolvable. On the other hand, in
the swing submodel, according to the designed trajectory,
the total rod’s kinetic energy variation will only contributes
to its CM horizontal velocity changing, which is not in
accord with the reality of robot walking. Thus, considering
our work is mainly focused on the horizontal component
of the CM’s states, w0 is set to zero and the rod motion is
only translational just prior to the impact. Meanwhile, for
the qualitative description consistency of uf and ui , just
at the end of swing phase, the inverted pendulum is rigid
and only rotating around the CP. As the result, uf cal is
the horizontal component of the inverted pendulum CM’s
tangential velocity, as shown in Fig. 6(d).
For more eﬃcient in the calculation, let λ = 1 − λ and
yields:

3.2.2 Swing Submodel

ΔWpend =

(23)

λ = λ(v0 , u0 , xi , yi , LS , m, uf )
=

(22)
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uf − Urod (0, v0 , u0 , xi , yi , LS , m)
∂
∂λ Urod (λ, v0 , u0 , xi , yi , LS , m)|λ =

0

(26)

rigid robot-ground contact assumption are given in
Table 2. The three ground conditions for the simulation
are listed in Table 3.
Considering the robot’s state is positively related to q̇1 ,
two indicators are used for quantifying its changes through
a full walking cycle:
−
+
/q̇1SSP
, where “−”/“+” denotes the
1. RS (RS := q̇1SSP
value before/after a SSP).
+
−
2. RD (RD := q̇1DSP
/q̇1DSP
, where “+”/“−” denotes the
value after/before a DSP)
The output is shown in Fig. 8. Meanwhile, three
groups of observed values were collected when the stable
states reached and shown in Table 4: (1) the number of
cycles for reaching a stable state, denoted with NS ; (2) the
robot’s walking speed, denoted with ws (deﬁned in Fig. 5);
(3) the relative position of the robot’s CM (Prc = xf /LS ).
For further analysing the eﬀect of compliant ground on
the preplanned gait, the values of the ﬁrst walking cycle

Figure 7. Structure of adaptive feedforward control.
3.4 Controller Design
Finally, with the calculated λ and the desired uf , denoted
by uf d , xf c can be solved by a linearization at the point
x = xi :
xf c = χ(λ, v0 , u0 , yi , LS , m, uf d )
= xf +

uf d − Urod (λ, v0 , u0 , xi , yi , LS , m)
∂
∂x Urod (λ, v0 , u0 , x, yi , LS , m)|λ = 0

(27)

Table 1
Parameters of Robot Structure

Regardless of the ground compliance, with the preplanned gait, the ﬁrst walking cycle must be realized, thus,
in practice, by setting uf d equaling to uf of the ﬁrst cycle,
the whole walking process will be stabilized by suppressing
the variation of walking speed. The structure of feedforward control strategy is shown in Fig. 7. With it, the development of the adaptive feedforward controller which is
only based on the sensed robot walking state is completed.

l (m) m1 ∼ m6 (kg) m7 (kg)
0.35

0.5

1.0

Table 2
Initial State of IG 1

3.5 Simulation of Controlled Walking on the Compliant Ground

qi (rad) q1i −0.1708 q̇i (rad/s) q̇1i

1.0840

0.1500

q̇2i

0.0169

q3i −0.3094

q̇3i

0.1420

q4i −0.2500

q̇4i −0.0579

q2i

Compared with the uncontrolled walking on a compliant
ground, for a controlled walking cycle, the desired ﬁnal
state for the trajectories of actuated joints generation is
updated with [qf c , q̇f ], where qf c is the controlled input calculated through (25) and the method detailed in
Appendix 1.

Table 3
Properties of Compliant Ground
c (N·s/m) k (N/m)

4. Evaluation of the Control Strategy

Condition 1 0.02 × 104 2 × 104

To validate the availability of the control strategy, the uncontrolled and controlled walking processes initialized with
the preplanned gait (denoted with IG 1) under the three
ground conditions were compared. Then, to demonstrate
the generality and adaptability of the feedforward control
strategy, another two initial gaits (IG 2 and IG 3) and
three compliant ground constructed with randomly generated damper array were considered in the numerically
experiment.
In this paper, all of the robot’s walking states were
obtained with MATLAB software by using the functions,
ODE23s and ODE15s, to solve the ordinary diﬀerential
equations (5)’ numerically.

Condition 2 0.30 × 104
Condition 2 0.60 × 104

4.1 Eﬀect of Ground Compliance on Underactuated Walking
Figure 8. Convergence process of RS and RD (subscript
“Ci ”: Condition i).

The parameters of the robot structure are shown in
Table 1. The initial states of the gait preplanned under
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(26) and (25) under the conditions shown in Table 3 and
compared to the counterparts of the actual robot’s CM
velocities. The results are shown in Fig. 9.
1. In each cycle, uf cal , is almost identical to uf .
2. The diﬀerence between vf cal and vf is comparatively
larger. However, both vf cal and vf are downward and
have the same varying tendency. Furthermore, with
the ground damping increasing, the diﬀerence between
them of each cycle is decreased.
In conclusion, despite the existing error between vf cal
and vf , as uf is the only concerned in the SISO control and
has been equated with uf cal perfectly, this method through
establishing a rod-ground equivalent model to simplify the
high dimensional robot-ground model is available.

Table 4
Walking Performance on Compliant Ground

NS

a (i)

First cycle

(1)a

(2)

(3)

–

14

10

9

ws (m/s)

0.4261

0.4891 0.3382 0.1964

Prc

0.4364

0.4367 0.4319 0.4135

denotes the underactuated bipedal walking process under
Condition i.

were also collected in Table 4. It must be noted, under
Condition 3, these values were calculated in the cycle just
before the divergence occurred.
Three phenomena about the relationship between the
change of q̇i and the walking performance were concluded:
1. Under Condition 1, RS was lower than RD initially
and both of them converged to an identical value after
the 14th cycle. Meanwhile, the walking system reached
a periodic stable state with increased speed and xf .
2. Under Condition 2, RS was higher than RD initially
and both of them converged to an identical value after
the 10th cycle. Meanwhile, the walking system reached
a periodic stable state with decreased speed and xf .
3. Under Condition 3, RS was higher than RD and both
of them diverged after the ninth cycles. Meanwhile,
the walking system fell.
The further analysis is detailed in [32]. Because of
the diversity of initial gait and ground compliance, it
is impossible to ﬁgure out all the situations when an
underactuated robot is walking on a compliant ground.
In spite of that, it is undoubted that the stability and
the performance of the underactuated bipedal walking is
actually aﬀected by the ground compliance. It is also in
accord with the result in the literature.

4.3 Eﬀectiveness of the Adaptive Feedforward Controller
To demonstrate the performance of the adaptive feedforward controller, the controller only worked once at the end
of the second walking cycle. The schedule of the controlled
walking process is shown in Fig. 10. Under the three conditions listed in Table 3, the comparisons between the uncontrolled uf , denoted by uf uc , and controlled uf , denoted by
uf c , are depicted in Fig. 11. Meanwhile, the steady-state
errors were also collected and shown in Table 5. Let uf 1
denote the actual uf of the ﬁrst cycle.
1. The control strategy is eﬀective. Under the three
conditions, compared with uf uc , the variations of uf c
were all suppressed signiﬁcantly after the third cycle.
And then, each uf c was converged to uf 1 rapidly.
After the 18th cycle, all uf c reached the periodic stable
states, as shown in Fig. 11.

4.2 Availability of the Equivalent Model Establishment
To validate the equivalent model establishment available,
from the second to the seventh cycle, uf cal and vf cal ,
the calculated vertical velocity, were calculated through

Figure 10. Schedule of the controlled walking process.

Figure 9. Comparison between equivalent rod-ground model and original robot-ground model (subscript “ Ci ”: Condition i ).
(a) Comparison of the horizontal velocities and (b) comparison of the vertical velocities.
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between the controlled and uncontrolled walking speeds
are shown in Fig. 13.
According to Figs. 12 and 13:

Table 5
Comparison of Relative Error Between Controlled and
Uncontrolled uf
uf 1 (m/s)

Er for uf uc

Er for uf c

Condition 1

0.5419

5.43%

0.09%

Condition 2

0.5405

5.82%

0.72%

Condition 2

0.5374

11.11% (ninth)

0.87%

Table 6
Prc of Controlled Walking Process
(1)b

(2)

(3)

Prc 0.4282 0.4557 0.4674
Condition i.

Figure 12. Convergence process of RD and RS with
the adaptive feedforward controller (subscript “Ci ”:
Condition i.)

Figure 11. Performance of the adaptive feedforward controller in tracking uf d (subscript “Ci ”: Condition i.)

Figure 13. Comparison between controlled and uncontrolled walking speed (ws: walking speed; subscript “uc”:
uncontrolled; subscript “c”: controlled; subscript “Ci ”:
Condition i).

b (i)

denotes the underactuated bipedal walking process under

2. The steady-state performance of the controlled walking is acceptable. Looking into the comparison of
steady-state errors shown in Table 5, under the three
conditions, the relative errors (Er := (uf − uf 1 )/uf 1 )
of uf c is smaller than uf uc signiﬁcantly. This result
also validate the availability of the equivalent model
establishment.
3. The variation of controlled input is in accord with
the inspiration of the controller design. For example,
if the acceleration was needed, xf c was increased,
such as the situations when the robot walked under
Condition 2 and Condition 3, as shown in Table 6.

1. The proposed feedforward control strategy is able to
stabilize the underactuated bipedal walking on the
compliant ground. With the controller, all walking
processes were stabilized. In particular, compared
with the uncontrolled walking under Condition 3,
the controlled walking speed just decreased before the
third cycle, but increased dramatically after that, and
achieved a periodic stable state in the 16th cycle.
2. The control strategy improves both the rate of convergence and the performance of inherently stable walking
system. According to the convergence processes of RS
and RD shown in Fig. 12, all coincidences between RS
and RD for the ﬁrst time occurred in the third cycle.
Compared with the uncontrolled convergences shown
in Fig. 5, the rates of stable convergence for controlled
walking system were increased signiﬁcantly. Meanwhile, with the controller, the robot’s walking performance were improved as well. Both under Condition
1 and Condition 2, the controlled walking speeds were
much closer to the actual speed of the ﬁrst cycle than
the uncontrolled, as shown in Fig. 13.

4.4 Availability of the Stabilization Control Strategy
To further evaluate the eﬀectiveness of the adaptive feedforward control strategy in stabilizing the walking on compliant ground, the rates of stable convergence for controlled
walking processes under the three conditions listed in Table 3 are depicted in Fig. 12, meanwhile, the comparison
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Figure 14. Comparison of joint trajectories between a controlled and uncontrolled walking cycle. (a) Joint trajectories during
SSP and (b) Joint trajectories during DSP. (Dash line: the uncontrolled walking; solid line: the controlled walking; Ci :
walking under Condition i. Particularly, except the black dashed lines collected during the ninth cycle, these trajectories are
all collected during the 21st cycle.)
To further analyse the eﬀect of the adaptive feedforward control strategy on the walking under the compliant
ground environment, the robot’s joints trajectories during a full walking cycle when the stable state reached are
depicted under the three conditions, as shown in Fig. 14.
According to Fig. 14:
1. Without the controller, only under the eﬀect of ground
compliant, with the ground damping increasing, despite the total variation of each joint position through
a SSP being almost consistent, the duration of the SSP
is increased and the duration of the DSP decreased
dramatically.
2. With the controller, the diﬀerence between the durations of SSP under the three conditions is reduced
signiﬁcantly, but the durations of DSP were almost
invariant.
3. At the end of the SSP, under Condition 1, the
controlled q2 is larger than the uncontrolled but the
controlled q4 smaller than the uncontrolled simultaneously, on the contrary, under Condition 2 and
Condition 3, the controlled q2 is smaller than the
uncontrolled but the controlled q4 larger than the uncontrolled. It is in accord with the results of comparisons between xf and xf c shown in Tables 4 and 6 and
the mapping relation detailed in Appendix 1.

Table 7
Initial State of IG 2
qi (rad) q1i −0.1660 q̇i (rad/s) q̇1i
q2i

0.1650

1.1651

q̇2i −0.0269

q3i −0.3094

q̇3i

q4i −0.2350

q̇4i −0.1293

0.1481

Table 8
Initial State of IG 3
qi (rad) q1i −0.1546 q̇i (rad/s) q̇1i

1.3284

0.2001

q̇2i

0.2686

q3i −0.3093

q̇3i

0.1456

q4i −0.2003

q̇4i −0.3135

q2i

array-of-the-coeﬃcient-of-damping (ACD) are shown
in Table 9. To cover the conditions shown in
Table 3, ACD 1 and ACD 2 were both ranging from
0.01 × 104 N · s/m to 1 × 104 N · s/m, and for further
exploring the performance of the adaptive feedforward control strategy, ACD 3 was ranging from
0.01 × 104 N · s/m to 3 × 104 N · s/m.
2. The coeﬃcients of damping changed once every four
walking cycles. It means, in every four cycles, the
robot would go through two kinds of DSP: (1) the
coeﬃcients of damping beneath the both legs were
diﬀerent, shown as the situation (a) in Fig. 15;
(2) the coeﬃcients of damping beneath the both legs
were identical, shown as the situation (b) in Fig. 15.
3. Accordingly, to cope with the non-homogeneous compliant ground, the controller worked once at the end of
every two walking cycles. Deﬁne the ﬁrst cycle of the

4.5 Adaptability of the Adaptive Feedforward Control Strategy
To demonstrate the generality of the control strategy, two
more initial gaits, shown in Tables 7 and 8, were used in
the simulation experiments. Meanwhile, to demonstrate
the adaptability of the feedforward control strategy, the
compliant ground with stochastic damping parameters was
also considered:
1. The coeﬃcients of damping were generated randomly in MATLAB with RANDI function. Three
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Table 9
Arrays of Randomly Generated Coeﬃcients of Damping (×104 N · s/m)
ACD1 ACD2 ACD3

ACD1 ACD2 ACD3

c1

0.83

0.52

1.69

c6

0.40

0.41

1.39

c2

0.43

0.89

2.65

c7

0.81

0.75

2.95

c3

0.89

0.59

2.01

c8

0.76

0.83

0.47

c4

0.40

0.16

0.58

c9

0.38

0.79

2.57

c5

0.77

0.20

1.11

c10

0.22

0.32

1.94

Figure 15. Walking on compliant ground with stochastic
damping parameters (ci and ci+1 are two diﬀerent coeﬃcients of damping).

Figure 16. Schedule of control strategy.
two is the sensed cycle and the other is the transition
cycle. The schedule of the controlled walking process
is described as Fig. 16.
The comparisons between controlled and uncontrolled
walking speeds are shown in Fig. 17. The ﬁnal states of
controlled and uncontrolled walking processes are detailed
in Table 10, meanwhile, the mean speed of each whole
walking process is calculated and shown in Table 11.
According to Fig. 17, Tables 10 and 11:
1. All controlled underactuated bipedal walking on the
compliant ground were stabilized. For all instable gaits
without controller (e.g., initialized with IG 1 and IG
2), all of them had fallen down when the ground was
increasingly damped or a relatively large damping had
been lasting for some cycles. Based on these phenomena, the instability shall be attributed to lacking of
stall control. In comparison with this, regardless of
the ground conditions, the variation of the controlled
walking speed had been eﬀectively controlled.
2. Compared with the uncontrolled walking, the controlled was more eﬃciently. Speciﬁcally speaking,
looking into the walking processes initialized with IG
3, regardless of the ground conditions, despite all the
processes being inherently stable without controller,

Figure 17. Walking on the stochastically damped compliant ground. (a) Walking on the compliant ground constructed with ACD 1; (b) Walking on the compliant ground
constructed with ACD 2; and (c) Walking on the compliant ground constructed with ACD 3. (ws: walking speed;
dash line: uncontrolled ws; solid line: controlled ws; IG i:
walking initialized with IG i; black dash-dot line: damping
parameters.)

within the same distance passed through, the controlled walking system took less time to complete it
than the uncontrolled signiﬁcantly, as shown in Fig. 18,
especially when the ground damping was relatively
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Table 10
The Final State of Walking Process
ACD 1
IG 1&ca

ACD 2 ACD 3

Sc

IG 1&uc

b

d

S
e

F (9th)

S

F (5th) F (4th)

IG 2&c

S

IG 2&uc

S

IG 3&c

S

S

S

S

S

S

IG 3&uc

S

S

F (31st) F (4th)

a “c

denotes “controlled
denotes “uncontrolled
c “S denotes “Stable
d “F denotes “Fallen

b “uc

e (i)

denotes the process falls after the ith cycle

Table 11
The Mean Speed of the Whole Walking Process (m/s)

Figure 19. Prototype robot “UBbot”.

ACD 1 ACD 2 ACD 3
5. Conclusion and Future Work
IG 1&c

0.3652 0.3751 0.3447
This paper proposes an adaptive feedforward control strategy to control the robot’s speed by regulating the CM
motion and further stabilize the underactuated bipedal
walking on the compliant ground.
1. This control strategy achieves good adaptability for
stabilizing the underactuated bipedal walking on compliant ground. As only the eﬀect of the ground beneath
the robot on the walking performance is considered in
the controlled input calculation, this method is essentially adaptable to the ground compliance varying and
other bipedal walking system.
2. The control strategy is low cost in computation source
for real-time motion control. As the walking system
is modelled as a polynomial with deﬁnite number of
degrees and the controlled input is derived through a
simple inverse operation on it, the control algorithm is
fast and stable. As the result, this control strategy can
be easily implemented in the real control system and
has a good real-time performance.
3. The control strategy has broad application prospects.
As the control strategy is originated from the human’s
gait, it can be easily integrated into a more advanced
bionic control system to realize a multi-task walking
mission in a human-like manner.
Our future work is focus on two points: (1) try to
realize the control strategy on our prototype robot shown
in Fig. 19; (2) try to ﬁnd a more eﬃcient control strategy to
eliminate the steady error between the controlled walking
speed and the desired walking speed.

IG 1&uc 0.2818a 0.3522 0.3561
IG 2&c

0.4169 0.4271 0.3943

IG 2&uc 0.4036 0.3490 0.4181
IG 3&c

0.5434 0.5513 0.5326

IG 3&uc 0.4844 0.5007 0.4311
a. The value for the fallen process was the mean speed before the
walking fell.

Figure 18. Performance improvement of walking process
initialized with IG 3 (dis: distance; subscript “c”: controlled; subscript “uc”: uncontrolled).

high, e.g., when the robot walked on the compliant
ground constructed with ACD 3, the time of controlled
walking process was faster than the uncontrolled by
approximate 3.8 s. It will make the bipedal robot work
more eﬃcient in the daily routine work.
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Suppose a designed robot’s conﬁguration at the end of
a SSP is denoted as qf = [q1 , q2 , q3 , q4 ]f . Considering the
mapping relation from xf c to qf c = [q1 , q2 , q3 , q4 ]f c is
a multi-solution problem, two more constraints are introduced:
1. LS is a constant;
2. q2f c = q2f + Δq and q4f c = q4f + Δq.
Second, according to the relationship between xf c and
Δq, yield:
1
xf c =
[11l sin(α) + 15l sin(β) − l sin(γ) − 5l sin(δ)]
16
with
α = q1f c −

q2f c
2

β = q1f c +

γ = q1f c − q3f c −
l1 =
q3f c

q4f c
2

q2f c
2

δ = q1f c − q3f c +

2l2 + 2l2 cos(q2f + Δq)
 2 2 2
l +l −L
= arccos 1 2l21 l2 S

l2 =
q1f c

q4f c
2

2l2 + 2l2 cos(q4f + Δq)


l sin(q
)
= arccos 2 LS 3f c

Then the mapping relation from xf to Δq is derived
through a ﬁrst-order linearization:
Δq =

xf c − xf
∂xf c /∂Δq

Appendix 2
Urod (λ, v, u, x, y, LS , m)
√
√
3y
= √
a+b+c+d
2
2
2

(LS −x) +y

where
gLS (LS − 2x)(−1 + λ)
y

2
m ρ u0 λ
b = u0 −
m
 2
2
2ρ m(m − ct1 )v0 + cmρ t1 u0 xyλ
c =
4ρ4 m4
 2
2
2ρ mmρ u0 yλ + ct1 x(2ρ2 mv0 − mρ u0 xyλ)
d =
4ρ6 m4

a=−

(x2 + y 2 )/3
ρ2 mλ
t1 =
c(ρ2 + yi2 )
ρ =

mρ = ρ2 m/(ρ2 + y 2 )
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